Carbon emissions play the central role in global warming. Manufacturing firms are significant contributors to carbon emissions. In many countries, regulatory authorities are taking actions to reduce emissions. Carbon taxation and cap-and-trade schemes are two mechanisms implemented in many countries. In the present paper, the author analyzes a production-inventory model under a carbon tax system. The production rate is assumed to be a decision variable and can be set at any level within machine limits. A proportion of items produced are defective, and this proportion depends on the production rate. Demand depends on the selling price. Unit price is a decreasing function of the production rate. Emissions can be reduced to some extent by capital investment on green technology, and this capital investment amount is a decision variable. Customers are categorized as retail customers and wholesale customers. A discount is offered to the wholesale customers on the regular selling price. The results are illustrated by a numerical example and a sensitivity analysis is performed.
Introduction
Global warming is a major threat to our planet. It poses severe risk to the nature, human health, and well-being. It has many catastrophic effects, such as rise of sea level, disruption in ecosystems, flood, drought, storm [1] , and increased clear-air turbulence (see Williams and Joshi [2] ). The reason for global warming is emission of greenhouse gases (GHGs), such as carbon dioxide (CO 2 ), methane, and nitrous oxide. Among GHGs, CO 2 plays main role for global warming because of its high heat-trapping property and long survival period in atmosphere. Main causes of GHG emissions are human activities, such as burning of fossil fuel for industrialization, transportation, generating electricity, and deforestation for urbanization. In addition, since the world economy depends upon the fossil fuel for industrial activities, the GHG emissions cannot be stopped completely. The primary task to mitigate global warming is to reduce the emission rate significantly.
Industry is one of the major contributors of GHG emissions. In 2014, United States Environmental Protection Agency (EPA) reported that industry was the third major contributor to GHG emissions contributing 21% of the total GHG emissions in Unites States. Industry emissions can be reduced by efficient use of modern technologies, efficient inventory control, and wise managerial decisions during industrial activities.
Regulatory boards in many industrialized countries are taking initiatives to control emission of GHGs. Carbon tax and cap-and-trade system are two main mechanisms adopted by many countries to reduce the amount of emission. A carbon tax is a fee levied on the carbon content of the fuels. It is particularly levied on the amount of carbon dioxide emitted by burning fossil fuels. Many European countries, like Finland, Denmark, Norway, Sweden, Switzerland, Slovenia, UK, Italy, and so on, have enacted carbon tax to cut carbon emissions. The cap-and-trade mechanism is another sensible regulation policy to reduce GHG emissions. In this policy, the regulatory body first sets a maximum allowable emission limit (cap) from all possible sources, which is lowered over time, and then this amount is distributed or auctioned among the polluting entities as permits/allowances. A polluting entity must purchase permits/allowances. Polluters can trade the unused permits. The EU emissions trading system (EU ETS) is the world's first major carbon market. It operates in almost all EU countries and also in Iceland, Liechtenstein, 2 Advances in Operations Research and Norway [3] . The Regional Greenhouse Gas Initiative (RGGI) was the first mandatory cap-and-trade program in the United States to limit carbon dioxide (CO2) from the power sector. It is being implemented in Connecticut, Delaware, Maine, Maryland, Massachusetts, New Hampshire, New York, Rhode Island, and Vermont [4] .
Three main phases of a firm's production-inventory system are ordering/setup activities, production activities, and warehousing activities. All these three phases involve carbon emission. Under carbon emission regulation policies, a firm needs to reset its optimal decision policies for production, inventory, and warehousing to reduce emission. A firm can also reduce emission significantly by investing on greener projects such as environment friendly production process (Liu et al. [5] ) and greener warehousing (Ilic et al. [6] ).
Literature Review
Analysis of inventory systems under carbon emission regulation policies is an emerging field of inventory management. Recently, some researchers have done significant research in this field. Bonney and Jaber [14] analyzed the impact of environmentally responsible inventory models on optimal decisions of traditional inventory models. Hua et al. [15] proposed a managerial approach to control carbon footprint in inventory management system under carbon emission trading mechanism. El Saadany et al. [16] investigated a two-echelon supply chain model with price and product's environmental quality dependent demand. Wahab et al. [17] developed a lot size inventory model with environmental considerations. Their main focus was on reducing CO 2 emission in inventory transportation. Bouchery et al. [18] reformulated the classical economic order quantity model as a multiobjective problem taking sustainability concerns into account. Glock et al. [19] developed an inventory model of single product with price and quality dependent demand. They considered sustainability as a quality attribute and measured in terms of level of scraps and emission in the supply chain. Single and multistage lot sizing models with carbon emission constraints were investigated by Benjaafar et al. [20] . Chen et al. [21] , in their article, provided condition for reducing emission by modifying order quantities. They also provided conditions under which relative reduction in emissions exceeds relative increase in cost. They discussed the applicability of the results under various environmental regulations: strict carbon caps, carbon tax, cap-and-offset, and cap-and-price. Battini et al. [22] investigated a singleproduct replenishment problem under traditional economic order quantity (EOQ) framework and sustainability considerations. They focused on transportation costs analysis and quantification, and external costs integration according to a life cycle assessment (LCA) approach. Zanoni et al. [23] proposed a joint economic lot size model in vendorbuyer supply chain with price and environmentally sensitive demand. Single-item, multisourcing, carbon-constrained lot size models were studied by Absi et al. [24, 25] . The impact of carbon tax and cap-and-trade mechanisms on dual-sourcing newsboy problem was studied by Rosič and Jammernegg [26] . A single period dual-sourcing inventory model with product carbon footprint constraint was studied by Arikan and Jammernegg [27] .
Hovelaque and Bironneau [28] investigated an inventory system under environmental conditions in which demand was a function of both price and total carbon emission. They found that a carbon tax was always beneficial to the environment. Dye and Yang [29] analyzed sustainable inventory models with trade credit. They discussed the models under various environmental regulations. Chen and Hao [30] used game theory models to derive competing firms' optimal pricing and production policies under carbon dioxide emission tax mechanism. They showed that when the two competing firms paid the same carbon emissions tax, both of them set higher retail price than those that did not pay carbon emissions tax. They also found that the percentage reduction of profit and carbon emission of a high-efficiency firm were lesser than that of low-efficiency firm. Martí et al. [31] proposed a supply chain network model with demand uncertainty which includes supply chain responsiveness decisions under different carbon policies. They also showed the effect of different carbon policies on supply chain costs and network design. García-Alvarado et al. [32] developed a finite horizon stochastic closed-loop inventory model with two environmental constraints: capand-trade and minimal remanufacturing requirement. They applied periodic review system with discrete time. Hong et al. [33] proposed a dual mode production planning system with emission constraints. They assumed that the manufacturer was equipped with regular and green production technologies to satisfy the emission limitations. Bazan et al. [34] developed a manufacturing/remanufacturing inventory model with waste disposal. They considered tax penalty for emission. They also claimed that their model was the preliminary step for developing an environmentally responsible reverse logistics inventory model. Chang et al. [35] studied a hybrid manufacturing-remanufacturing system under capand-trade mechanism.
There are many imperfect production/manufacturing systems which partially produce defective goods together with perfect goods (see Papachristos and Konstantaras [36] , Ben-Daya et al. [37] , Eroglu and Ozdemir [38] , Datta [39, 40] , Lo et al. [41] , Khan et al. [42] , J.-T. Hsu and L.-F. Hsu [43] , Mandal and Giri [44] , Sana [45] , and Lai et al. [46] ). These defective goods are responsible for emissions during their production and disposal phases. Analysis of such imperfect production systems with sustainability considerations would be of great interest. Mukhopadhyay and Gowsami [7] developed a model of production-inventory system with pollution cost and partially imperfect products in which a proportion of imperfect products are reworkable. They considered constant demand rate and constant production rate.
Toptal et al. [8] analyzed a retailer's joint decisions on inventory replenishment and carbon emission reduction investment under three carbon emission regulation policies. They considered carbon emissions reduction investment availability under carbon cap, tax, and cap-and-trade policies. Lou et al. [9] developed a supply chain model with investment in emission reduction technology. They analyzed the consequences of emission trading policy on supply chain decisions. Recently, Lin and Sarker [10] described a pull system inventory model in which they employed an order overlapping scheme to avoid shortages. They considered an imperfect production system with constant demand rate. Hu and Zhou [11] designed a decision support system which examined the manufacturer's joint emission reduction efforts and pricing decision under carbon trading policy. Sana et al. [12] analyzed an imperfect production system with finite production rate. They considered the unit cost as a decreasing function of production rate. Their model does not include the impact of carbon emissions. Manna et al. [13] developed a model with imperfect production system and production rate dependent unit cost. They considered the defective proportion as an increasing function of the production rate. Their model does not consider emissions.
In the present article, the author addresses the effects of carbon tax and green investment on a more general production-inventory system with selling price dependent demand and variable production rate. The system produces defective items, and the defective proportion depends on the production rate. Unit cost is a function of production rate. Customers are categorized as retail customers and wholesale customers. A fixed discount on the regular selling price is offered to the wholesale customers. As far as the author's knowledge is concerned, none of the existing models available in literature considers all these realistic factors in a single model. Profit maximization policy is considered to solve the model with four decision variables: selling price, production rate, green investment amount, and optimum production run-time in each cycle. Later, emission minimization policy is considered to compare the results. To justify the importance of the proposed model, a comparison of this model with some of the related published works is shown in Table 1 . Rest of the paper is organized as follows. Section 3 describes the basic assumptions and notations. In Section 4, mathematical model of the proposed system is developed. Solution procedure and algorithm are presented in Section 5. Section 6 contains numerical examples. Sections 7 and 8 present sensitivity analysis and concluding remarks, respectively.
Assumptions and Notations

Assumptions
(i) Demand rate is a linearly decreasing function of selling price. A proportion of demand is generated by retail customers and rest by wholesale customers. Wholesale customers get a fixed discount on the regular selling price. (ii) Shortages are not permitted. (iii) Production rate per unit time is finite and can be set at any level within machine limits. Production rate is a decision variable. (iv) A proportion of items produced are defective/imperfect. This proportion is an increasing function of production rate because the reliability may decrease with increasing production rate (see Manna et al. [13] ). During production, an automated system will detect and separate the defective items immediately. Defective items are nonrepairable and are outsourced to a third party disposal agency for disposal (see Datta [40] ). So, inventory will be maintained for good quality items only.
(v) Unit cost is assumed to be a decreasing function of production rate. It happens in many industries due to economies of scale (see Sana et al. [12] and Manna et al. [13] ). Unit cost consists of two cost components: one is fixed cost which incurs due to raw materials, assembling, and so on, and the other component is variable cost which incurs due to energy, labor cost, rent, insurance, and so on. The variable cost is a decreasing function of production rate. In the present article, the unit cost is considered as a negative exponential function of production rate.
(vi) Time horizon is infinite.
(vii) Carbon emission takes place during three phases of the system: production, storage, and disposal of defective items. There are three sources of emissions in the production phase. First source is production setup which emits a constant amount of CO 2 in a production cycle (Hovelaque and Bironneau [28] ). Second source is production process which may involve smelting, assembling, chemical reactions, and so on. The amount of emission from this source depends on the production rate/level. Third source is basic machining operations which depends on time during which production process runs. Emissions during storage depend on the quantity and the time during which it is stored. Emission during disposal depends on the quantity of disposed items.
(viii) A carbon tax is levied on each unit of carbon emitted.
(ix) Manufacturer has a plan to move towards a greener production system by investing on advance technology, energy efficient machineries, nonconventional energy, and so on. There is a ceiling on the investment amount. This ceiling is the manufacturer's budget on modernization project towards green technology.
Notations
Decision Variables
: Selling price per unit.
: Production rate per unit time which can be set at any level in min ≤ ≤ max .
1 : Production run-time in a production cycle.
: Amount of capital investment on green technology for reducing emission. : Proportion of demand generated by retail customers. Hence, (1 − ) proportion of demand is generated by wholesale customers.
Model Parameters
(1 − ) × 100%: Discount percentage on selling price offered to wholesale customers.
( ): Proportion of defective items produced at production level . ( ) is taken in the linear form ( ) = : Amount of emission per production run due to setup, which is constant per production run.
: Average emission per unit of production during production process.
: Average emission per unit item per unit time for storing in warehouse. ℎ: Average emission per unit of production run-time generated due to machining operations.
: Average emission per unit for disposal of defective item.
max : Manufacturer's budget for investing on green technology/modernization project. Obviously, 0 ≤ ≤ max .
: Maximum fraction of emission that can be reduced by investing on green technology, 0 < < 1.
Fraction of reduction of average emission when amount of capital is invested on green technology, ≥ 0. This implies that = −(1/ )ln(1 − / ). This relation is analogous to the relation considered by Lou et al. [9] . The fraction of reduction is 0, when = 0, and tends to when tends to infinity. Lou et al. [9] took = 1. The parameter reflects the efficiency of greener technology in reducing emission.
: Length of a production cycle, ≥ 1 .
Other Notations
( ; , ): Average emission per unit time in a production run without green investment. PR: Average profit per unit time in a production cycle.
: Maximum level of inventory in a cycle which is attained at time 1 .
= max(( − )/ , 0). (⋅) * : The most economic (optimum) value of (⋅).
Model Development
Production starts at time = 0 and continues till time = 1 when the stock level attains the maximum level . 
(1)
Calculation of Amount of Emission
Total emission during production process = + 1 + ℎ 1 .
Total emission for stock holding in warehouse = 0.5 .
Total emission for disposal = ( ) 1 . Average emission per unit time during a production cycle is
Using relations (1), the following simplified form is obtained:
Due to capital investment of amount on green technology, this average reduces to
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Cost and Profit Calculations in a Production Cycle
Setup/ordering cost = .
Unit cost = ( ) 1 .
Holding cost = 0.5 ℎ .
Disposal cost = ( ) 1 .
Amount of capital invested on green technology = .
Average carbon tax per unit time in a cycle = {1 − (1 − − )} ( ; , ).
Gross revenue = 1 { + (1 − ) }. Average profit per unit time in a production cycle is PR ( , , , )
On simplification,
The model is solved under profit maximization policy. Later, it is compared with emission minimization policy. In profit maximization policy, the manufacturer's primary goal is to maximize his net profit.
Profit Maximization Policy.
In this policy, the decision variables are , , , and , and the objective function is PR ( , , , ) .
The optimization problem in this policy is Maximize PR ( , , , ) 
Solution Procedure
Profit Maximization Policy.
For given and , the necessary conditions for existence of optimum solution of optimization problem (7) 
PR/ = 0 gives
The most economic values of and for given and can be obtained by solving (10) and (11) simultaneously. In (11) , if the expression inside the square bracket "[ ]" is a fraction, then the value of becomes negative. In this case, take = 0, because green investment will not be beneficial from profit point of view. Most economic value of , in this case, can be directly obtained from equation (10) by substituting = 0. If PR( * , * , * , * ) ≥ PR( , , , ) for all , , , satisfying the constraints stated in (7), then the optimum solution is ( , , , ) = ( * , * , * , * ).
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Hence, * = √ 2 (
Theorem 1. Given , , and , the profit function is a concave function of .
Proof. The condition for the concavity is 2 PR/ 2 < 0. Here,
Hence, PR is a concave function of for any given , , and .
Theorem 2. Given , , and , the profit function is a concave function of .
The condition for the concavity is
Hence, is a concave function of for any given , , and , hence, proved.
For given values of and , the sufficient conditions for concavity of are
Equations (13) and (14) show that the first two conditions are true. An analytical proof of the third condition is very difficult due to the presence of complicated terms. However, this condition is proved true in the numerical example provided in Section 6. The following algorithm can be used to find the optimum solution of profit maximization policy.
Algorithm 3.
Step 1. Input the model parameters:
, , , , ℎ, , , , ℎ , , , , 1 , 2 , , min , max , , , 1 , 2 , 3 .
Step 2. Set step size of , say , and step size of , say .
Step 3. Set = min .
Step 4. Define = 1 + 2 (( − min )/( max − min )) and
Step 5. Define = (1 − ) .
Step 6. Set = .
Step 7. Define the demand rate = − .
Step 8. Set = 0.
Step 9. Calculate by (10).
Step 10. Calculate by (11).
Step 11. If < 0, take = 0 and go to Step 13. Else go to Step 12.
Step 12. Repeat Steps 9 and 10 until the values of and become stable. Let this value of be 1 .
Step 13. = min[ 1 , max ].
Step 14. Calculate PR( , , , ) by (6).
Step 15. If + < / , then = + and go to Step 7. Else go to the next step.
Step 16. Compare the above values of PR( , , , ) for different values of . Store the maximum value (PR, say) and also store the corresponding values of the decision parameters , , , and .
Step 17. If + ≤ max , then = + and go to Step 4. Else go to the next step.
Step 18. Compare the PR values for different values. PR * = max PR. Store this optimum solution. Also store the corresponding , , , and values and rename them as * , * , * , and * .
Step 19. Find the corresponding emission quantity per unit time
, where ( ; , ) is given by (3).
Step 20. Stop.
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In the above algorithm, Steps 8-14 give the optimum solution for the assigned values of and as mentioned in Steps 3 and 6, respectively. Steps 6-16 give the optimum solution for the assigned value of as mentioned in Step 3. Final optimum solution will be obtained at the end of Step 19. Steps 8, 9, 10, and 12 are actually 2-stage iterative procedures derived from (10) and (11).
Emission Minimization Policy.
Given and , the necessary condition for ( ; , ) to be minimum is ( ; , )/ = 0.
Also,
Hence, ( ; , ) has a unique minimum value at = * given by (16) . Optimum (minimum) average emission per unit time is obtained as (12) and (19), we obtain
The average cost per unit time and the average emission per unit time will be simultaneously minimized by the same only when (20) is satisfied. If no capital is invested on green technology ( * = 0), then (20) becomes / ℎ = / which agrees with Hovelaque and Bironneau [28] . Proof. In profit maximization policy, for given values of , , and , the optimum value of is
Taking limit as → ∞, we obtain lim →∞ = √2 ( ){ − ( )}/ which is the same as * of emission minimization policy given by (16) . Further, if → ∞, then from (11), → ∞. In this situation, * = max by Step 13 of the solution algorithm. This value agrees with the corresponding value of emission minimization policy, hence, proved.
Numerical Example
The input parameters of a manufacturing system are given in Table 2 (time in year, costs in $, and emissions in ton).
Optimum results of the profit maximization policy are given in Table 3 .
It can be observed that green investment has increased the profit by 40.28% and decreased the emission by 40.39%.
In emission minimization policy, , , and are set at their optimum values obtained in profit maximization policy. The results of emission minimization policy are given in Table 4 . Table 5 shows the rates of reduction of profit (PR) and emission quantity ( ) in emission minimization policy with respect to profit maximization policy.
Sensitivity Analysis
In this section, a sensitivity analysis is performed to study the effect of changes in carbon tax ( ) and production rate ( ) on the optimum profit (PR * ) and the emission (c) If carbon tax increases, the optimum profit decreases (Figure 1 ).
(d) Relative reduction in emission with green investment is more effective for low carbon tax (Figure 2 ). For high carbon tax, this relative reduction is very low.
(e) Relative increase in optimum profit by green investment is more effective for high carbon tax (Figure 1 ). For low carbon tax, the relative increase in optimum profit is very low.
(f) Optimum profit is a concave function of production rate both with and without green investment (Figure 3) .
(g) Emission quantity is also a concave function of production rate both with and without green investment (Figure 4 ).
Conclusions
Carbon emission is inevitable in every production/manufacturing system. Machining operations, chemical reactions, storage, and transportation are the main activities which emit carbon to a significant quantity. This model presents a detailed analysis of how a decision maker should change his optimal policy in an inventory system under carbon tax levied by emission regulatory authority. Capital investment on green technology is a special feature of this model. The author has further generalized the model by categorizing the customers as retail customers and wholesale customers and offering a fixed discount to wholesale customers on the regular selling price.
The following are some managerial insights from the developed model:
(i) Green investment has two benefits: it reduces emissions and partially offsets carbon tax to increase profit.
(ii) Carbon tax has negative effect on optimum profit.
(iii) Optimum profit is a concave function of the production rate. This is true for both the cases without green investment and with green investment.
(iv) Carbon tax has negative effect on GDP but positive effect on environment.
Unit cost parameters 1 , 2 , and 3 and the emission reduction parameter can be estimated by linear regression after taking a logarithmic transformation. The parameters 1 , 2 of ( ) can be estimated by linear regression.
If we substitute = 0, = 0, = 0, = 0 in (10) and then take the limit as → ∞, we obtain * = √2 / ℎ . This is well-known economic lot size formula.
This model is solved by using the algorithm provided in Section 5. However, the model can be solved by any standard optimization techniques, like PSO, Jaya Algorithm (Rao [47] ), and so on.
This model can be extended by incorporating inflation and time value of money. In this paper, carbon tax is considered as constant. A progressive carbon tax can be another possible direction to extend this paper. One can incorporate shortages (full, partial) in this model in the future.
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